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Abstract: A vector field 8 on an F-manifold (M, o, e) is an eventual iden- 
tity if it is invertible and the multiplication X *Y := X o Y o defines a 
new i^-manifold structure on M . We give a characterization of such eventual 
identities, this being a problem raised by Manin [12]. We develop a duality 
between _F-manifolds with eventual identities and we show that is compatible 
with the local irreducible decomposition of _F-manifolds and preserves the class 
of Riemannian F-manifolds. We find necessary and sufficient conditions on 
the eventual identity which insure that harmonic Higgs bundles and DChk- 
structures are preserved by our duality. We use eventual identities to construct 
compatible pair of metrics. 

1 Introduction 

In [3] Dubrovin introduced the idea of an almost dual Frobenius manifold. Start- 
ing from a Frobenius manifold one may construct a new geometric object that 
shares many, but crucially not all, of the essential features of the original mani- 
fold. In particular a new 'dual' solution of the underlying Witten-Dijkgraaf- 
Verlinde-Verlinde (WDVV) equations may be constructed from the original 
manifold. Such a construction reflects certain other 'dualities' that occur in 
other areas of mathematics where Frobenius manifolds appear. For example, 
in: 

• Quantum cohomology and mirror symmetry; 

• Integrable systems, via generalizations of the classical Miura transform; 

• Singularity theory, via the correspondence between oscillatory integrals 
and period integrals. 

More specifically, given a Frobenius manifold (M , o , e , E' , g) with multiplication 
o , unity field e , Euler field E and metric g one may define a new multiplication 
* and metric g by the formulae 

X*Y = XoYoE-^, 
g{X,Y) = g{E-'oX,Y) 

where E^^ o E = e . Clearly * is associative, commutative and has a unity, 
namely E , the original Euler field. The new metric g (the intersection form) 
turns out to be flat and from these two new objects one may define a dual 
solution to the WDVV-equations. This correspondence is not completely dual 



- certain properties are lost. For example, while Ve — , the new identity does 
not share this property: in general VE ^ . 

Underlying Frobenius manifolds is a structure known as an i^-manifold, 
which was introduced by Hertling and Manin |5]. 

Definition 1. ^81 i) An F-manifold is a triple {M, o, e) where M is a manifold, 
o is a commutative, associative multiplication on the tangent bundle TM , with 
identity vector field e, such that the F-manifold condition 

Lx.y{o):=XoLy{o) + Y oLx{o), (f) 
holds, for any smooth vector fields X,Y ^ X{M). 

ii) An Euler vector field (of weight d) on an F-manifold {M, o, e) is a vector 
field E which preserves the multiplication up to a constant, i.e. 

LE{o){X,Y)^dXoY, yX,Y(^X{M). 

F-manifolds appear in many areas of mathematics. All Frobenius manifolds 
have an underlying i^-manifold structure, and in examples originating from sin- 
gularity theory such i^-manifolds arise in a very natural way [2:. They also 
appear within integrable systems - both in examples coming from the submani- 
fold geometry of Frobenius manifolds [16^ and non-local biHaniiltonian geometry 
[2] and their role has been elucidated further in |10) . 

Given an F-manifold with an Euler vector field one may construct a dual 
multiplication via X *Y — X oY o E"-^ . While this is commutative and as- 
sociative with unity element, whether or not this defines an F-manifold is not 
immediately clear. More generally, Manin "TT. replaced the Euler field E by an 
arbitrary invertible vector field and used this to define a new multiplication. 

Definition 2. 112J A vector field E on an F-manifold [M, o, e) is called an 
eventual identity, if it is invertible (i.e. there is a vector field such that 
£ o — o £ — e) and, moreover, the multiplication 

X *Y = X oY o£-\ yx,Yex{M) (2) 

defines a new F-manifold structure on M . 

The reason for the terminology is that £ is the identity vector field for the 
multiplication *. In this paper we give the characterization of such eventual 
identities, thus answering a question raised by Manin [12 . 

Theorem 3. i) Let (M, o,e) be an F-manifold and £ an invertible vector field. 
Then £ is an eventual identity if and only if 

L£{o){X,Y) ^[e,£]o X oY, \/X,Y X{M). (3) 

ii) Let 

X *Y = X oY o£-^ 
be the new F-manifold multiplication. Then the map 

{M,o,e,£) {M,*,£,e) 

is an isomorphism between F -manifolds with eventual identities. 
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Condition ([3]) above may be seen as a generalization of the notion of an 
Euler vector field. All invertible Euler vector fields are eventual identities but 
not conversely. However, eventual identities play a similar role. In this paper 
we study _F-manifolds with eventual identities and their relation with some well- 
known constructions in the theory of Frobenius manifolds. 

The plan of the paper is the following. In Section [5] we prove Theorem [3] 
and we develop its consequences. We remark that the duality for F-manifolds 
with eventual identities developed in Theorem |3] ii) is a natural generalization 
of the well-known dualities for almost Frobenius manifolds and for i^-manifolds 
with compatible flat structures [4], [12]. After proving Theorem [3] we show that 
any eventual identity on a product i^-manifold is a sum of eventual identities 
on the factors (a similar decomposition holds for Euler vector fields [J). Using 
this fact we show that our duality for _F-manifolds with eventual identities is 
compatible with the local irreducible decomposition of F-manifolds [7] . We end 
Section [2] with examples and further properties of eventual identities, some of 
them being already known for Euler vector fields. 

In Section [3] we add a new ingredient on our F-manifold (M, o,e,f) with 
eventual identity, namely a multiplication invariant metric g. The eventual 
identity £ together with g determine, in a canonical way, a second metric g, 
defined like the second metric of a Frobenius manifold. We prove that the 
metrics {g,g) are almost compatible. Our main result in this Section states that 
{g,g) are compatible, when (M, o,e,g) is an almost Riemannian F-manifold, 
i.e. the coidentity e € n^{M), which is the 1-form dual to the identity e, is 
closed. Similar results already appear in the literature [2], with Euler vector 
fields instead of eventual identities. 

In Section |4] we show that our duality for i^-manifolds with eventual iden- 
tities preserves the class of Riemannian F-manifolds, which are almost Rie- 
mannian i^-manifolds satisfying an additional curvature condition. Riemannian 
F-manifolds were introduced and studied in [T^ and are closely related to the 
theory of integrable systems of hydrodynamic type. 

In Section [5] we apply our results to the theory of integrable systems. 

In Section [6] we study the interactions between tt*-geometry, introduced for 
the first time in [T], and our duality of F-manifolds with eventual identities. 
ti*-geometry shares many properties in commun with Frobenius manifolds, its 
main ingredients being a metric, a Higgs field and a real structure (the lat- 
ter not being present in the theory of Frobenius manifolds). One can combine 
tt*-geometry with Frobenius manifold theory giving rise to new structures (like 
CDV-structures, DCft-fc-structures, etc) satisfying some complicated compatibil- 
ity conditions, but which are very natural in examples coming from singularity 
theory. It is in this context that F-manifolds appear in ft*-geometry. We deter- 
mine necessary and sufficient conditions on the eventual identity which insure 
that the class of harmonic Higgs bundles and ZJC/i/c-structures (i.e. harmonic 
Higgs bundles with compatible real structure) is preserved by our duality for 
_F-manifolds with eventual identities. 

2 Eventual identities and duality 

In this Section we prove Theorem|3l We begin with a simple preliminary Lemma 
concerning invertible vector fields on i^-manifolds. 
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Lemma 4. Let [M, o, e) he an F -manifold and £ an invertible vector field, with 
inverse £^^. Assume that 

L£io){X,Y) = [e,£]oXoY, yX,Y e X{M). (4) 

Then also 

L£-i{o){X,Y) ^ [e,£-^]o X oY, yX,Y e XiM). (5) 

Proof. The proof is a simple calculation. Since e — e o e, the i^-manifold con- 
dition ^ with X — Y :— e implies that Le(°) = 0. Applying again ([T]) with 
X £ and Y :— £^^, we obtain: 

= i£o£-i(o) = £ o L£-i (o) + o Lsio). 

Combining this relation with ^ we get 

L£-i{o){X,Y) = £-^ o [£,e]oXoY, yX,Y e X{M), 

where £~^ denotes £^^ o £^^. On the other hand, 

[e, £] o = {L,{£) o f-i) o = (Le(e) - £ o L,{£-^)) o £-i = [f-i, e] 

where we used Le(o) = 0. Our claim follows. □ 

Note that the construction of , whilst just linear algebra, requires the 
inversion of a matrix, and hence £~^ is not defined at points of M where a certain 
determinant S vanishes. Rather than defining a new manifold M* = M\S on 
which £~^ is defined we just assume that M consists of points at which both £ 
and £~^ are well defined. 

After this preliminary result, we now prove Theorem |3] stated in the Intro- 
duction. 

Proof of Theorem \3[ The multiplication * is commutative, associative, 
with identity field £. Therefore (M, *,£) is an i^- manifold if and only if for any 
vector fields Z,V e X{M), 

Lz*v{*){X,Y) = Z*Lv{*){X,Y) + V*Lz{*){X,Y), \/X,Y e X{M). (6) 

We will show that ^ is equivalent with (jH]). For this, we take the Lie derivative 
with respect to Z of the relation ([2]). We get, by a straightforward computation, 

Y) = Lz{o){£-^ oXX)+ Lz{o){£-\X) oY + [Z, £-^] o X oY. (7) 

Using relation ([7]) with Z replaced hy Z *V — Z oV o £^^ and the F-manifold 
condition ([T|) satisfied by the multiplication o, we get: 

Lz*v{*){X, Y)^£-^ oZo Ly(o)(£-i oX,Y) + £-'^ oV o Lz{o){£^'^ o X, Y) 
+ Z oV oL£-i{o){£-^ oX, Y) + £-'^ o Z oY o Lv{o){£-\ X) 
+ £-^oVoYo Lzio){£-\X) + Z0V0Y0 L£-i{o){£-\X) 
-L£-i{£-^ oZoV)oX oY. 
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Combining this expression with the expressions of Lz{*){X, Y) and Lv{*){X, Y) 
provided by ([7]), we see that ^ holds if and only if 

XoY o [Lg-i (f-i oZoV)+E-^ oZo[V, £-'^] +E-^ oV o [Z, E'^]) = 
ZoV o (L£-i(o)(f-i oX,y) + y oL£-i(o)(£-\X)) . 

On the other hand, it can be checked that 

Ls-i {E-^ o Z oV)+E-^ o Z o[V, E^^] +E-^ oV o [Z, E'^] 
= L£-i{o){E-\Z) o V + L£-i(o)(£-i o Z, V). 

Hence * is the multiplication of an i^-manifold structure if and only if for any 
vector fields X, Y,Z,V e X{M), 

XoYo {Lg-i (o)(£:-i oZ,V) + Ls-1 {o){E-\Z) o V) 
= ZoV o (L£-i(o)(£:-i Y)+L£-i{o){E-'^,X)oY) . 

Taking X = F := e it is easy to see that this relation is equivalent with 

L£-i(o)(f -1 oZ,V)+ Lg-i {o){E-\Z) oV = -2E-^ o [E-\e] oZoV. (8) 

We now simplify relation ([5]). For this, we take in ([5]) Z := e and we obtain 

L£-i{o){E-^,V) = ~E-^ o[E-^,e]oV, \/V e X{M). (9) 

Combining ^ with ^ we get: 

L£-iio){Z,V) ^ ~[E-\e]o Z oV, \lZ,VeX{M). (10) 

Conversely, it is clear that if (|10p is satisfied then ([5]) is satisfied as well. There- 
fore, relations ([5]) and (flUl) are equivalent. We proved that * is the multiplication 
of an i^-manifold structure if and only if (ITU)) holds. Our first claim follows from 
Lemma H] 

For our second claim, assume that E is an eventual identity on an i^-manifold 
(M, o,e). We want to prove that e is an eventual identity for the F-manifold 
(M, where * is related to o by Since the identity field of * is we 
need to show that 

Le{*){X,Y) ^[E,e]* X *Y, \IX,Y e X{M). (11) 

Letting Z := e in (O and using ie(o) = together with ([2]), we get: 

Le{*){X,Y) = [e,E-'']oXoY ^ ([e,^^"^] o E"^) * X *Y. 

Recall now from the proof of Lemma 2] that [e,f^^] o E"^ = [f, e]. Our second 
claim follows. The proof of Theorem [3] is now completed. 

Having found the characterization of eventual identities one may study how 
such objects many be combined to form new eventual identities. 
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Proposition 5. i) Eventual identities form a subgroup of the group of invertihle 
vector fields on an F -manifold. 

ii) The Lie bracket of two eventual identities is an eventual identity, provided 
that is invertihle. 

Hi) Let (Ml X M2, o, ei + 62) be the product of two F -manifolds {Mi, oi, ei) 
and (M2, 02,62), with multiplication defined by 

{Xi,X2) o {YuY2) = (Xi 01 Yi,X2 02 Y2), (12) 

for any Xi,Yi G X{Mi) and X2,Y2 € X(M2) (considered as vector fields on 
Ml X M2/ If £-1 is an eventual identity on (M,oi,ei) and £2 is an eventual 
identity on (Af, 0,62), then £ := £1 + £2 is an eventual identity on {Mi x 
M2,o,ei + 62). Moreover, any eventual identity on {Mi x M2,o,ei + 62) is 
obtained this way. 

Proof, i) If £1 and £2 are eventual identities tlien £1 o £2 is invertihle and for 
any X,Y e X{M), 

Ls, o£,{o){X,Y)=£ioL£,{o) {X, Y)+£2oLe,{o) {X, Y) 
= {£io[e,£2]+£2o[e,£i])oXoY 
= [e, £1 o £2] o ^ o 

where in the last equality we used Lf,{o) — 0. Moreover, from Lemma S] and 
Theorem [31 if £ is an eventual identity then also £~^ is an eventual identity. 
Our first claim follows. 

ii) Recall the following relation proved in Proposition 4.3 of [5]: for any 
vector fields X, Y,Z,W e X{M), 

L^x,Y]{o){Z, W) = [X, Ly{o){Z, W)] - Ly{o){[X, Z],W)- Ly(o)(Z, [X, W]) 
- [Y, Lx {o){Z,W)]+Lx{o){[Y,Z],W) + Lx{o){Z, [Y, W] ) . 

Our second claim follows this relation and Theorem [S] 

Hi) It is straightforward to check that a sum of eventual identities on the 
factors gives an eventual identity on the product (Mi x M2,o,ei + 62). The 
converse is more involved and goes as follows (a similar argument has been 
used for the decomposition of Euler vector fields on product i^-manifolds, see 
Theorem 2.11 of [T). Let £ be an eventual identity on (Mi x M2, o, ei + 62) and 
define £k := Ck o £ for k e {1, 2}. From (|12p £k is tangent to Mk at any point 
of Ml X M2. We will show that £1 is a vector field on Mi (a similar argument 
shows that £2 is a vector field on M2). For this, let Z be a vector field on M2. 
Note that 

L£,{o){Z, 62) ^ £ o LeAo){Z, €2) + ei o L£{o){Z, 62) = (13) 

because Lei (°) — (easy check) and 

ei o L£{o){Z, 62) = ei o [e, o Z o 62 = 

where we used condition ^ on £ and ei o 62 = 0. From (jl3p and Z = Z o 62 
we get 

[£i,Z] = L£^{Z o 62) = [£i, Z]oe2 + Z o [£1,62]. 
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It follows that [£i , Z] is tangent to M2 at any point of Mi x M2 . This holds for 
any vector field Z on M2 and hence £1 is a vector field on Mi. Similarly, £2 is 
a vector field on M2. Since £ is invertible on (M, o, ei + 62), f 1 is invertible on 
(Af, oi, ei) and £2 is invertible on (Af, 02, 62). From 

[e,£] = [ei,fi] + [62,^2] 

and 

L£{o){X, Y) = [e, £]oXoY, \fX,Y e X{M) 

we get 

L£^iok){X,Y) = [ek,£k]oXoY, yX,YeX{Mk), k e {1,2}, 

i.e. £fe is an eventual identity on the _F-manifold {Mk, Ok, efe)- Our claim follows. 

□ 

By a result of Hertling [7] , any F- manifold locally decomposes into a product of 
irreducible i<"-manifolds. The decomposition of eventual identities on product 
i^-manifolds into sums of eventual identities on the factors gives a compatibil- 
ity between our duality for .F-manifolds with eventual identities and Hertling's 
decomposition of F-manifolds, as follows. 

Theorem 6. Let {M, o, e) be an F -manifold with irreducible decomposition 

{M, o, e) = (A/i, 01, ei) x • • ■ x (M;, o^, e,) (14) 

near a point p G M and let £ be an eventual identity on {M, o, e). Consider the 
decomposition 

£ = £i + --- + £i (15) 

of £ into a sum of eventual identities £k on the factors. Let {M,*,£,e) be 
the dual of {M,o,e,£) and {M}~,*k,£k,e.k) the dual of {Mk,Ok,ek,£k), for any 
1 <k<l. Then 

{M,*,£) ^ (Afi,*i,£i) X ••• X {Mi,*i,£i) (16) 
is the irreducible decomposition of the F-manifold {M,*,£) near p. 

Proof. The decomposition (jlSp was proved in Proposition [S] iii^. The decompo- 
sition (dni) follows from HH) and ((13. □ 

We end this Section with some more remarks and examples of eventual 
identities. 

Remark 7. i) Condition ^ which characterizes eventual identities is equiva- 
lent to the apparently weaker condition 

L£{o){X,Y)=voXoY, yX,YeX{M), (17) 

for a vector field v. Indeed, if in relation Jj?] ) we replace X and Y by e we get 
V = L£(o)(e, e). On the other hand, 

L£{o){e,e) ^ [£,eoe]- 2[£,e] oe = [e,£] 
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and hence v — [e,£], as in In particular, any invertible Euler vector field 
E of weight d is an eventual identity and [e, E] — de. 

a) If £ is an eventual identity on an F-manifold (Af, o,e), then 

(m-n)r"+"-io[e,£:], VTO,nGZ. (18) 

The proof is by induction. When £ is Euler and m,n > 0, il8\) was proved in 
Ulf (see Theorem 5.6); when n = —1 and m = il8\) was proved in Lemma^ 

Hi) Let (Af, o,e) be a semi-simple F-manifold with canonical coordinates 
(u^, • • • , u"), i.e. 



d d 

Any eventual identity is of the form 

^ '^1 "5 i ' ' ' ^ f n TJ ~ ) 

where fi are smooth non-vanishing functions depending only on u*. 

iv) Here is an example considered in ^7J, when the multiplication is not semi- 
simple. Let M :— M.'^ with multiplication defined by 

d d d d d 'e{12} 
dx^ dx^ dx^ ' dx'^ dx'^ ' ' 

It can be checked that o defines an F-manifold structure and any eventual iden- 
tity is of the form 

£ — fl TTT + h TT-T , 

ox^ ox'^ 

where fi — fiix^) depends only on x^ and is non-vanishing. 



3 Eventual identities and compatible metrics 

The two metrics g and g on a Frobenius manifold have the important prop- 
erty that they form a flat pencil, that is, the metric 5^ := g* + Xg* is flat, for 
all values of A . This condition results, via the Dubrovin-Novikov theorem, to 
a bi-Hamiltonian structure. What is important in this construction is not the 
flatness of the metrics but their compatibility. Curved metrics can, via Ferapon- 
tov's extension of the Dubrovin-Novikov theorem, define (non-local) Hamilto- 
nian structures but it is the compatibility of two such metrics that will ensure a 
(non-local) bi-Hamiltonian structure. In this Section we construct compatible 
pair of metrics on i^-manifolds with eventual identities. 

We begin by recalling basic definitions and results on compatible pair of 
metrics. First we fix the conventions we will use in this and the following 
Sections. 
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Conventions 8. Let g and g be two metrics on a manifold M, with associated 
pencil of inverse metrics g^^ := g* + Xg* (assumed to be non-degenerate for 
any A). We denote by g : TM T*M, X g{X) and g* : T*M TM, 
a — > g*{a) the isomorphisms defined by raising and lowering indices using g 
and similar notations will be used for the isomorphisms between TM and T*M 
defined by g and g\. To simplify notations we shall often denote by = g{X) 
the dual 1-form of a vector field X with respect to g (it is important to note that 
X^ is the dual 1-form using g and not g, since the metrics g and g will not play 
symmetric roles). The Levi-Civita connections of g, g\ and g will be denoted 
by V, and V respectively; i?^, and i?^ and will denote the curvatures of 
g, gx and g. 

Definition 9. i) A pair {g,g) is called almost compatible if 

5l(V^«) = g*iVxa) + Ar (Vx«) 
for any X G X{M), a G Q}[M) and A constant. 

a) A pair {g,g) is called compatible if {g,g) are almost compatible and 

gliRx^Y^) - 5*(i?lya) + Ar (i?i,ya) (19) 
for any X,Y G X{M), a G ^1^{M) and A constant. 

According to |T2 (see also for a shorter proof) the metrics (5,5) are 
almost compatible if and only if the Nijenhuis tensor of A := g*g G End(TM), 
defined by 

Na{X,Y) = -[AX, AY] +A{[AX,Y] + [X,AY]) - A'^[X,Y], X,Y e X{M) 

is identically zero. Moreover, according to Theorem 3.1 of [2], if (5,5) are 
almost compatible then {g, g) are compatible if and only if one of the following 
equivalent conditions holds: 

5*(Vya - Vya, VxP - Vx/3) = g*{Vxa ~ Vx«, Vy/3 - Vy/3) (20) 

or 

r (Vya - Vya, - Vx/?) = Ti^xa - Vxa, VyP - Vy^), (21) 
for any vector fields X,Y G X{M) and 1-forms a,l3 GVt^{M). 

We now turn to F-manifolds and we show in Proposition [TOl bellow that an 
eventual identity on an _F-manifold together with a (multiplication) invariant 
metric determine a pair of almost compatible metrics. A metric g on an F- 
manifold (Af , o, e) is called invariant if 

g{X oY,Z) ^g{X,Y o Z), yX,Y,ZeX{M) 

or 

~giX,Y)^e{XoY). 

where e — g{e) is the coidentity. Thus g is uniquely determined by the coidentity 
e G fl^{M) and invariant metrics on (M, o,e) are in bijective correspondence 
with 1-forms on M. 
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Proposition 10. Let (M, o, e, g, £) be an F -manifold together with an invariant 
metric g and eventual identity £. Define a new metric g by 

giX,Y) = ~g{£-'oX,Y), yX,Y e X{M). (22) 

Then {g,g) are almost compatible. 

Proof. From 

g*g{X) =£oX, VX e TM 

Using the F-manifold condition ([l} togetlier witli the characterization ([3]) of 
eventual identities, we get: 

N£o{X, Y) = -L£ox{£ oY)+£o{Lx{£oY)- Ly{£ o X)) - £^ o [X, Y] 
= -[£oX,£]oY -[£oX,Y]o£ - L£ox{o){£, Y) 
+ £o{[X, £]oY + £o[X, Y]+Lx{o){£,Y) - [Y,£]oX) 
-£^o [Y,X]-£oLy{o){£,X)-£^ o [X, Y] 
= L£{£ oX)oY + Ly{£ oX)o£-£o Lx{o){£, Y) 
- XoLi:{o){£,Y)+£oY o [X, £]+£'^ o [X, Y] 
+ £ o Lx{o){£ ,Y) - £ o X o [Y,£] - £^ o [Y,X] 
-£o Ly{o){£, X)-£^o [X, Y] 
= L£{o){£, X)oY- i£(o)(f , Y) o X 
^[e,£]o£ o{X oY -Y oX) = 0, 

for any vector fields X,Y E X{M). Our claim follows. □ 

When the i^-manifold (Af, o, e) is semi-simple, the pair {g,g) of Proposition 
[TOl is semi-simple as well and, being almost compatible, {g,g) is automatically 
compatible [131 [^. Without the semi-simplicity assumption, the pair {g,g) is 
not always compatible. We are going to show that {g,g) is compatible (without 
the semi-simplicity assumption), provided that the coidentity associated to g is 
closed. To simplify terminology we introduce the following definition. 

Definition 11. An almost Riemannian F -manifold is an F-manifold (M, o, e, g) 
together with an invariant metric g such that the coidentity e € fl^(M) defined 
by 

e{X) := g{e,X), yXeTM 

is closed. 

There is a result of Hertling [7] , which states that the closeness of the coiden- 
tity e on an i^-manifold {M,o,e,g) with invariant metric g is equivalent with 
the total symmetry of the (4, 0)-tensor field 

(Vo)(X, Z, Y, V) 5(Vx(°)(^, Y), V), (23) 

or to the symmetry in the first two arguments (the symmetry in the last three 
arguments being a consequence of the invariance of g). 
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Theorem 12. Let (M,o^e,g,£) be an almost Riemannian F-manifold with 
eventual identity £ . Define a new metric g by 

giX,Y) = ~gi£-'oX,Y), yX,Y e X{M). 

Then {g,g) are compatible. 

Proof. From Proposition [TUl the metrics {g,g) are almost compatible. To prove 
that {g,g) are compatible, it is enough to show that (|2ip is satisfied (see our 
comments above). The Koszul formula for the Levi-Civita V of <? translated to 
T*M gives 

25*(Vya,/3) = ^g*iiYdp,a)+g*{iYda,P) + Yg*{a,P)-gi[g*a,g*P],Y), (24) 

where a,/3 € ri^(A/) and Y € X{M). A similar expression holds for the Levi- 
Civita connection V of g on T*M: 

2r(Vya,/3) = -g*{iYdp,a) + r{^Yda,p) + Y~g*{a,p)-g[[ro^r9*P],Y). (25) 

Combining and (pS)) and using that (g, g) are almost compatible we get, by 
the argument of Proposition 5.10 of [5], 

2g*(VyX^-VyX^Z^) = {Leg){XoY,Z)+g{{[e,£]oX ~2V x£)oY,Z) (26) 

where X^ e VL^{M) correspond to X,Z ^ X{M) using the duality defined 
by g. Now, for a vector field V , define a 1-form {L£g){V) by 

{Le~g){V)[Z) := {Leg){V, Z), VZ e X{M). 

With this notation, 

[Le~g){X oY,Z) = {Le~g){X oY){Z). 

Since Lgg is multiplication invariant (this follows by taking the Lie derivative 
with respect to £ of g{X oY,Z) = g{X, Y o Z) and using condition (jS]) on £), 
we obtain 

{Le~g){XoY)^X' oY' o{Leg){e) (27) 

where o is the induced multiplication on T*M , obtained by identifying TM with 
T*M using g. Denoting a X\ from ([M]) and ^ we get 

2(Vya - Vya) = o o (((L£.9)(e) + [e, f ]^) o a ~ 2Vg.a£^) . (28) 

Since g is invariant, g* is also invariant (with respect to o on T* M) and relation 
((28| implies that ([2T|) is satisfied. Being almost compatible, the metrics (5,5) 
are compatible. □ 

We end this Section by making some comments on Theorem 1121 Similar 
results where proved in f51, with the almost Riemannnian i^-manifold replaced 
by a weak J-'-manifold {M, o, e, g, E), i.e. the multiplication o on TM is commu- 
tative associative with unity field e, g is an invariant metric, E is an invertible 
Euler vector field which is also conformal-Killing with respect to g and the weak 
symmetry condition 

(yo){E,Z,Y,V) = {yo){Z,E,Y,V), \fY,Z,VeX{M) (29) 
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holds; in general, o does not satisfy the integrability condition ([1]), so a weak 
J^-manifold is not always an i^-manifold. We are going to show that a weak 
J^-manifold which is also an i^-manifold is an almost Riemannian i^-manifold. 
Thus, in the setting of F-manifolds, Theorem [T^ extends the statement about 
the compatibility of metrics in Theorem 5.8 of [2], by replacing the Euler vector 
field with an eventual identity. 

Lemma 13. Let (Af, o,e,f,g) be an F-manifold together with an invertible 
vector field £ and invariant metric g. Assume the weak symmetry condition 

iVo){£,Z,Y,V)^iVo){Z,S,Y,V), yY,Z,V(.X{M) (30) 

holds. Then (Af, 0,6,5) ^'^ almost Riemannian F -manifold. 

Proof. We need to show that the coidentity e — g{e) is closed. It is known 
that on any i<"-manifold (Af, 0,6,5) with multiplication o, unity field 6, invariant 
metric g and coidentity e, the tensor fields Vo and de are related by the following 
identity (sec the proof of Theorem 2.15 of 7 ): 

2{\7o){X,Z,Y,V)~2(yo){Z,X,Y,V) = de{YoZ, XoV)-de{XoY, ZoV). (31) 

Taking X := £ in pip and using our hypothesis we get 

de{£ oY,ZoV)= de{Y oZ,£oV). (32) 

With Z := e, ([32]) becomes 

de{£ o y, F) = de(Y, £oV). (33) 

Replacing in ([55)1 V hy V o Z and using again (15^ we get 

de{Y, £oVoZ)^ de{£ oY,V o Z) ^ de{Y oZ,£oV). (34) 

Since £ is invertible, relation (1341) is equivalent to 

de{Y,Z oV) de(Y o Z,V), yY,Z,VeX{M), (35) 

i.e. de is multiplication invariant. Being skew-symmetric, de = 0. Our claim 
follows. 

□ 

4 Duality and Riemannian F-manifolds 

Riemannian i^-manifolds were first introduced in the literature in |10| . In this 
Section we prove that the class of Riemannian i^-manifolds is preserved by the 
duality between i^-manifolds with eventual identities. In the next Section we 
apply this result to the theory of integrable systems. 

Definition 14. A Riemannian F-manifold is an F-manifold {M,o^e,g) to- 
gether with an invariant metric g such that: 

i) the coidentity e — g{e) G rt^{M) is closed, i.e. (Af, 0,6,5) ^.'"^ almost 
Riemannian F-manifold. 
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ii) the curvature condition 

Z o R9{V, Y){X) +Y o R3{Z, V){X) + Vo R9{Y, Z){X) = 0, (36) 

is satisfied, for any X, Y, Z,V E X{M). 

Our main result in this Section is the foUowing Theorem. 

Theorem 15. Let {M,o^e,g,£) be an F -manifold with invariant metric g and 
eventual identity £ . Define a second metric g by 

g{X,Y)^g{£-^oX,Y), ^X.Y E X(M) (37) 

and let {M,*,£,e) be the dual of {M,o,e,£). Then (M, o, e, g) is a Riemannian 
F -manifold if and only if (M, *,£,g) is a Riemannian F -manifold. 

Proof. From (|57|) . the coidentities of (M, o, e, g) and (Af, *, f , g) coincide. Thus 
(M, o, e, g) is an almost Riemannian i^-manifold if and only if (Af, *, f , g) is an 
almost Riemannian i^-manifold. 

Assume now that (Af , o, e, g) is a Riemannian f^-manifold. By our comments 
from the previous Section, the tensor field Vo is totally symmetric. With the 
conventions from the proof of Theorem ll2l the total symmetry of Vo and rela- 
tion (|28p . together with an easy curvature computation show that the curvatures 
of g and g on r*Af are related by 

R^{X, Y){a) = R^{X, Y){a) + Q{a, Y) o X^ - Q{a, X)oY\ (38) 

where 

Q{a,X) -.^SiSia) oX^) -Vx{S){a), \/aeT*M, \/XeTM 

and 

Sia) := ^£-'^^ o (((i£g)(e) + [e, £]') o a - 2\7g.^£^^ . (39) 

(Recall that TAf and r*Af are identified using g and o above denotes the 
induced multiplication on T*M). Since (Af , o, e, 5) is a Riemannian f^- manifold, 
relation holds. Translated to r*Af , it gives 

Z^ oR9{V,Y){a)+Y^ o RS {Z,V){a) + V^ o RS (y, Z) (a) = 0, (40) 

for any vector fields Y, Z and V and covector a. Using relation (PO)) 

becomes 

Z^ o R9{V, Y){a) +Y^ o RS{Z, V){a) + o R9{Y, Z){a) = 0. (41) 

Take in (gl]) a g{X). Note that 

Z^ o R9{V, Y){a) = Z^ o g{RS{V, Y){X)) = Z^ o £-^-^ o Ra{V, Y){X f 

and similarly for Y^ o f?9(Z, V){a) and o R3{Y, Z){a). On TAf relation (|iT|) 
becomes 

£-^ o{Zo R9{V, Y){X) +Yo R9{Z, V){X) + Vo RS{Y, Z){X)) = (42) 
for any vector fields X, Y, Z, V, or 

Z =1= R\V, Y){X) +Y* R\Z, V){X) + V * R^Y, Z){X) = 0. (43) 
We proved that (Af , *,£,g) is a Riemannian f^-manifold. Our claim follows. □ 
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5 Applications to integrable systems 

There is a close relationship between _F-manifolds and the theory of integrable 
systems of hydrodynamic type. In particular we draw together various results 
of [lU] into the following theorem. 

Theorem 16. Consider an almost Riemannian F-manifold (M, o,e,g). If X 
and Y are two vector fields which satisfy the condition 

(Vz^) oT/ = (VyX) oZ yV,ZeX{M) (44) 

then the associated flows 

Ut = Xo[/,, 
Ur = YoU, 

commute. Moreover, for arbitrary vector fields Y ,V , Z £ X{M) the identity 

Z o RS{V, Y){X) + Vo RS{Y, Z){X) +Y o R^{Z, V){X) = 
holds for any solution X of Ii44\ l- 

By twisting solutions X of (|44)) by an eventual identity one may derive the 
dual, or twisted, version of the above theorem. 

Lemma 17. Let (A/, o,e, g) be an almost Riemannian F-manifold and X e 
X(M) a vector field such that 

VyX ov = VvX o y, vy, v e x{m). (45) 

Let £ be an eventual identity on (Af, o,e) and {M,*^£^g) the dual almost Rie- 
mannian F-manifold, like in Theorem \15\ Then X = X o £ satisfies the dual 
equation 

(VyX) *v ^ (VvX) * y, vy, v e x{m). (46) 

Proof. Recall, from relation (|28|) . that 

Vya = Vya + 5(a) oY\ VY e TM (47) 

where S{a) is given by as usual Y^ = g{Y) and o is the induced multi- 

plication on r*M, obtained by identifying TM with T*M using g. In (gT]) let 
a:^ X^ ^ g{X o £). Relation (gT]) becomes 

giVviX o£)) ^VyX^ +Y^ oS{X^) (48) 

Applying g* to dH]) and using {g*g){X) ^ £^^ o X we get 

Vy{X o£) = £ o VyX + £oYo ~g*{S{X^)). (49) 

From (Uni we get 

Vy{X o£)*V ^ VyX oV + Y oVo g*{S{X^)), 
which, from pS)) . is symmetric in Y and V . Relation is satisfied. □ 
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Thus we obtain dual flow equations 



X 



X J 



from vector fields X , F e X{M) satisfying by twisting by an eventual 
identity. Moreover by Theorem 1151 the dual curvature condition also holds. 

This duality, or twisting, by an eventual identity gives a geometric form of 
certain well-known arguments from the theory of integrable systems of hydrody- 
namic type which originate in the work of Tsarev. Recall that in the semi-simple 
case the basic equation Ut = X oUx reduces to diagonal form 



so the components of X become the characteristic velocities of the quasilinear 
system. Equation reduces to Tsarev's equation 



The integrability conditions for this system form the so-called semi-Hamiltonian 
conditions, which in turn are the coordinate form of p6p . 

Solutions of (|5n|) possess a functional freedom: if gain) is a solution so is 
gaiu) / fi{u^) . This functional freedom can now be reinterpreted, via Remark 
[7] in) on the form of eventual identities in the semi-simple the dual 

version of the theory. Also since the fi are arbitrary, one may replace it by fi — > 
fi + X for any constant A . Thus one recovers the pencil property gx — g* + Xg* 
and hence, by Proposition IIOI a compatible pair of metrics and (non-local) bi- 
Hamiltonian structures (this last stage, from almost compatible to compatible 
being automatic in the semi-simple case). 

In applications, where one is interested in finding bi-Hamiltonian structures 
for a specific system of equations, one tries to find a suitable eventual identity so 
that the metric g has simple curvature properties, such as flatness or constant 
curvature. If fiat one arrives, via the original Dubrovin-Novikov theorem, at a 
local Hamiltonian structure. The simplest case is where both metrics are flat, 
and hence form a flat pencil and a local bi-Hamiltonian structure. With extra 
conditions one can arrive at a Frobenius manifold [S]. 

6 Duality and tt*-geometry 

An holomorphic F-manifold is a complex manifold M together with an asso- 
ciative, commutative, with unity multiplication o on the sheaf of holomorphic 
vector fields, satisfying the i^- manifold condition ((T]). Euler vector fields, iden- 
tities, eventual identities etc are holomorphic and are defined like in the smooth 
case. In particular, our characterization of eventual identities developed in The- 
orem [3] holds also in the holomorphic setting. 

In the same framework like in Sections [3] and SI we add structures - hermi- 
tian metrics and real structures - on an holomorphic i^-manifold (M, o, e) and 
we study their behaviour under twisting with an eventual identity. We assume 
that these structures are compatible with the multiplication o, i.e. in the ter- 
minology of [15] they form harmonic Higgs bundles or Z3C/ifc-structures and 



ul^X^{u)ul 




(50) 
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we determine necessary and sufRcient conditions on the eventual identity such 
that the resulting dual structures are compatible in the same way. Harmonic 
Higgs bundles and ZJC/i/c-structures are part of the so called CV-structures, 
introduced for the first time by Cecotti and Vafa in [T] and further studied in 
the literature, see [6], [M] , 

First we fix our conventions in the holomorphic setting. 

Conventions 18. In this Section M will denote a complex manifold, considered 
as a smooth manifold together with an integrable complex structure J. Its real 
tangent bundle will be denoted TM. The sheaf of smooth real vector fields on 
{M,J) will be denoted as always by X{M), the sheaf of vector fields of type 
(1,0) by T^f and the sheaf of holomorphic vector fields by Tm- A multiplication 
on the holomorphic tangent bundle T^'^^M will be trivially extended to the 
complexified bundle TcM = TM (g) C. 

Following [4], [15], [7] we give the following definition, which recalls basic 
notions from the theory of tt*-geometry. 

Definition 19. i) A pair {g,h) formed by a complex bilinear, non- degenerate 
symmetric form g and a hermitian metric h on T^'^M is called compatible if 
the Chern connection D of the holomorphic hermitian vector bundle (T^'°M, h) 
preserves g, i.e. Dg — 0. 

ii) Let h be a hermitian metric and o a commutative, associative, multiplica- 
tion with unity field e, onT^^°M. Define a Higgs field C e n'^^°{M,Eiid{T^^°M)) 
by 

CxY -.^ X oY. 

The hermitian metric h on the Higgs bundle {T^'^M, C) is called harmonic (and 
(T^'^M,C,h) is a harmonic Higgs bundle) if CxY G Tm, for any X,Y ^ Tm 
and the tt* -equations 

{d''C)x,Y Dx{Cy) - Dy{Cx) - C^x.y] = (51) 

and 

R'^y + [Cx,C\.]^Q (52) 

are satisfied, for any X,Y €i Tl,f ■ Above denotes the curvature of the Chern 
connection D of {T^'^M,h) and & is the adjoint of C with respect to h, i.e. 

h{CxY, z) = h{Y, c\z), vr, Z e T^^OM, VX e TcM. 

Hi) Let {T^''^M,C,h) be a harmonic Higgs bundle and k a real structure on 
T^'^M such that the complex bilinear form 

giX,Y) := h{X, kY) 

on T^^'^M is symmetric and (multiplication) invariant. The data {T^''^M, C, h, k) 
is called a DC hk- structure if the pair {g, h) is compatible. 

We remark that a harmonic Higgs bundle {T^-^M, C, h) has an associated 
pencil of flat connections 

D' := D + -C + zCK (53) 
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The flatness property of this pencil encodes the entire geometry of the harmonic 
Higgs bundle [?]• 

For the remaining part of this Section we fix an .F-manifold (M, o, e) together 
with an eventual identity E, hermitian metric h, and real structure k on T^'^M 
such that the complex bilinear form 

~g{X,Y) ■.= h{X,kY) 
on T^-^M is symmetric and invariant. Let 

X *Y := X oY o g-^ (54) 
be the dual multiplication, with associated Higgs field 

CxY ■.= XoY og-'^. 

Assume that the inverse has a square root E~^l'^ and define a new hermitian 
metric 

r) := o X, £-1/2 o r) (55) 

and a new real structure 

k{X) := ofc(£:-i/2 oX) 

on T^-^M. It is straightforward to check that 

g{X, Y) ■= h{X, kY) = ~g{£-^'^ o X, £-^'^ o Y). (56) 

In particular, g is symmetric, complex bilinear and invariant. 

While in the smooth case it was not immediately clear that compatibility 
is preserved under twisting with eventual identities, the analogous statement 
in the holomorphic setting comes for free (and in fact holds under the weaker 
assumption that £ is holomorphic and invertible, not necessarily an eventual 
identity). 

Lemma 20. // the pair (g, h) is compatible, then also the pair (g, h) is compat- 
ible. 

Proof. From the Chern connections D and D of {T^'°M, h) and {T^'^M, h) 
respectively are related by 

DxZ := £1/2 o Dx{£'^''^ o Z), VX G X{M), Z G T^f . (57) 

From (inni) and (EZl), Dg = if and only if Dg ^ 0. □ 

Note that if Af is a Frobenius manifold with Euler vector field E then the 
choice £ — E results in a compatible pair (g, h) with certain special properties. 
The metric g is the intersection form of the manifold, and hence is fiat. Thus 
there exists a distinguished coordinate system of so-called flat coordinates in 
which the components of g are constant. The metric h is then a natural her- 
mitian metric defined on the complement of the classical discriminant S of the 
manifold. 
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Theorem 21. i) Assume that d^C — 0. Then d^C — if and only if for any 
X,Y,Z G T^.j , 

bx{£ oY o Z) - Dy{£ o X o Z) = £ o {Dx{Y oZ)- Dy{X o Z)^ (58) 

ii) Assume that for any X,Y > 

i?Jy + [C'x,C'^] =0. (59) 

Then the same relation holds with D replaced by D, C replaced by C and 
replaced by the adjoint of C with respect to h if and only if, for any X,Y £ 

[Cx.~kCY~k] = [Ce-^,x.kC£-^,Y^■ (60) 

Hi) If {T^'^M, C , h) is a harmonic Higgs bundle (respectively, {T^'^M, C , h, k) 
IS a bChk-structure) then {T'^^°M,C,h) is a harmonic Higgs bundle (respec- 
tively, {T^'^M,C,h,k) is a DChk-structure) if and only if both I5<^|) and h6(f) 
are satisfied. 

Proof. We only need to check that ([55)1 and (150]) are equivalent to the tt*- 
equations for {D,C,C^), the other statements being trivial from our previous 
considerations. 

From a straightforward computation which uses d'^C = 0, for any X,Y £ 

'M ' 

{d^C)x,Y = bx{C£-i)CY + Cgi/2bx{C£-i/2)C£-ioY + Cg-i/2axDY{Cg-i/2) 

- Dy{C£-i)Cx — C£1/2Dy{C£-1/2)C£-1oX " C£^1/2oyDx{C£~1/2) 

To simphfy notations, define T e Endc(T^'°M) by T{X) := f^^/^ o X. There- 
fore, d^C = is equivalent with 

(T{bxT) + {bxT)T + T-^{bxT)T^^ CY+TCxbYT 
- (T{bYT) + {bYT)T + T-\bYT)T^'j C'x ~ TCYbxT = 0. 

On the other hand, applying the covariant derivative i)y (for Y G T^j'^) to the 
relation 

TCx = CxT, yXeTlf, (61) 
skew-symmetrizing in X and Y and using d^C = 0, we obtain 

{bxT)CY - {bYT)Cx = CY{bxT) - Cx{bYT). (62) 
Using (I62p . the condition d^C — becomes equivalent to 

bx(T-')CY ^ bY{T^)Cx, 
which, in turn, is equivalent to (j58p (easy check). This proves claim i). 
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For claim mJ, we need to prove that (|60p is equivalent with the remaining 
tt*-equation 

^x.Y + ['^x , = 0, vx, y e ri'°M. 

This follows from a straightforward computation which uses 
i?^ Y — Cgi/2 Rx yC'f:-i/2, Y G TA/ 

together with 
and 

= kC'xk — Cgi/2kCxo£-'^kC£-i/2 
for any X G rO'^M. □ 

We remark that condition (j58p on the eventual identity is invariant under 
our duality of Theorem [31 The following simple result holds. 

Proposition 22. Let {M,*,£,e) be the dual of {M,o,e,£). If the eventual 
identity £ of (Af, o, e) satisfies 

bx{£ oY o Z) - Dy{£ oXoZ)=£o [bx{Y oZ)- Dy{X o Z)) , (63) 

then the eventual identity e of {M, *,£) satisfies the dual condition 

Dx{e*Y * Z) - DY{e * X * Z) = e * {Dx{Y * Z) - Dy{X * Z)) , (64) 
for any X,Y,Ze T^f. 

Proof. Straightforward computation, which uses (j54p and (1571) . □ 
6.1 CV-structures and duality 

A CV-structure on the holomorphic tangent bundle of a complex manifold Af is a 
Z)C'/iA:-structure together with two endomorphisms U and Q of T^''^M, satisfying 
some additional compatibility conditions. In particular, the endomorphism Q is 
hermitian with respect to h and, as it turns out, U = Ce, where E is an Euler 
vector field of weight one of the underlying F-manifold (A/, o, e). 

It is immediately clear that CV-structures are not preserved by our duality 
of F-manifolds with eventual identities. The reason is that if E is an invertible 
Euler vector field on an F-manifold (Af, o,e), then e is not Euler for the dual 
F-manifold (Af, *,£■). With this motivation, in Section [6.1.11 we define CV- 
structures in a weaker sense, with the Euler vector field replaced by an eventual 
identity. In Section 16.1.21 we prove that weak CV-structures so defined are 
preserved by our duality of _F-manifolds with eventual identities, provided that 
the eventual identity satisfies conditions ([551) ^-^^d ([501) of Theorem [5T] 
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6.1.1 Weak CV-structures 



We begin by recalling basic definitions and results about CV-structures on the 
holomorphic tangent bundle of a complex manifold. Our treatment of CV- 
structures follows closely [7], where more details and proofs can be found. It is 
worth remarking that sometimes our conventions differ from those used in [7]. 
While we use the generic notation C for a Higgs field and & for its adjoint with 
respect to a hermitian metric, the general notation in [J for a Higgs field is C 
and C denotes its adjoint with respect to a hermitian metric. Moreover, in our 
conventions C is related to the associated multiplication o on the tangent bundle 
by CxY ^ XoY, while in [7] CxY = -X o Y. Hopefully these differences will 
not generate any confusion. 

Definition 23. A CV-structure is a DChk- structure {T^-'^M, C, h, k) together 
with two endomorphisms lA and Q ofT^^'^M such that the following conditions 
hold: 

i) for any X G T^^^M, [CxM] = 0. 

a) DxU = for any X £ T^^°M, i.e. if Z E Tm then also U{Z) € Tm ■ 

Hi) the {l,0)-part of DU has the following expression: 

DxU + [Cx ,Q]-Cx^Q, yx e T^-^M. (65) 

iv) Q is hermitian with respect to h; moreover, Q + kQk — 0, or, equiva- 
lently, Q is skew- symmetric with respect to complex bilinear form g on T^'^Al, 
defined as usual by g{X, Y) ~ h{X, kY). 

v) the {l,Q)-part of DQ has the following expression: 

DxQ~ [Cx , kUk] =0, yx e T^-^M. (66) 

Let o be the multiplication on T^-^M, related to the Higgs field C by 
X oY := CxY, for any X,Y € T^f and denote by e g Tm its unity vec- 
tor field. Recall that (M, o, e) is an F-manifold (this is a consequence of the 
tt*-equation d'^C = 0, see Lemma 4.3 of 7 ). From i), U is the multiplication 
by a vector field £ — U{e) £ T^''^M. Condition ii) together with e € Tm imply 
that £ is holomorphic and condition (j65p with U — C's implies that £ is an Euler 
vector field of weight one for (Af, o, e) (again by Lemma 4.3 of [7]). 

We now define the more general notion of weak CV-structures. 

Definition 24. A weak CV-structure is a DChk -structure (T^'^M, (7, h, k) to- 
gether with two endomorphisms lA — Cg (where £ £ Tm) o,nd Q of T^'^M , 
satisfying all conditions of Definition \23l except that 165\) is replaced by the 
weaker condition 

DxU + [Cx, Q] - C[,,£]Cx =0, yxe T^ Hl. (67) 

While a CV-structure determines a preferred Euler vector field on the un- 
derlying F-manifold, a weak CV-structure determines a vector field £ which 
satisfies the weaker condition (j68p . see below. In particular, if £ is invertible, 
then £ is an eventual identity. 
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Lemma 25. Let {M, o, e) be an F-manifold and D a connection on T^'^M such 
that d^C = 0, where CxY ^ X oY is the Higgs field. Let 8 be a vector field of 
type (1,0) on M. 

i) Assume that 

Le(o){X,Y) = [e,£]oXoY, WX^YeT^^'. (68) 

Then 

DxiC's) + [Cx,D£ ~ Ls] ~ C[,,£]Cx =0, VX e T^f. (69) 
a) Conversely, assume that 

Dx{C£) + [Cx,Q]-Ci,,£]Cx^Q, yXeTlf, (70) 

for an endomorphism Q of T^^'^A-I. Then £ satisfies i68\) and Q is equal to 
Dg — Lg up to addition with Cz, for Z G Tlf. 

Proof. Assume that ((68)) holds. Then, for any X G T^fj 

DxiCs) + [Cx,D£ - Le] = DxiCe) - DeiCx) + [L£,Cx] 

= C[X.,£] + L£{Xo) = C*[e^£]oX, 

where we used the tt*-equation d^C — and the condition ([55]) . Our first 
claim follows. We now prove the second claim. As already mentioned above, if 
[e, £] = e then ((70|) implies that £ is Euler of weight one. Without this additional 
assumption, the same argument shows that ([70)1 implies (p5)) . Therefore, ([55)1 
holds as well and Q — + Lg commutes with Cx for any X G T^'^M. Thus 
Q — + Lg is the multiplication by a vector field Z G 7^/°- 

□ 

The following Proposition provides a useful characterization of weak CV- 
structures. A similar statement for CDV-structures already appears in the lit- 
erature (see Theorem 2.1 of 9 ). 

Proposition 26. Let {T^'^M,C\kk) be a DChk-structure. Define g{X,Y) = 
h{X, kY) as usual and let £ be an eventual identity of the underlying F-manifold 
(M, o,e). Then {T^'^M,C,h,k,U = Cg) extends to a weak CV-structure (i.e. 
there is an endomorphism Q ofT^'^M such that (T^'^M, C, h, k,U, Q) is a weak 
CV-structure) if and only if there is Z E Tm such that 

L£_g{h){X,Y) ^h{X,Y o Z) -h{X o Z,Y), yX,YeT^-"M (71) 

and 

Ls{g){X,Y) = -2g{XoY,Z), yX,Y eT^-Hd (72) 
hold. Moreover, Z is uniquely determined by |yi?[ ) and 

Q^bs-Le + Cz- (73) 
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Proof. Since £ is an eventual identity, Lemma [53] implies that any endomor- 
phism Q such that {T^'°M,h,k,U,Q) is a weak CV-structure must be of the 
form ([75]). with Z £ 7^'°, and such that the relations 

h{Q{Y),V)=h{Y,Q{V)) (74) 

and 

~g{Q{Y),V)+g{Y,Q{V)) = 0, (75) 

hold, for any Y,V € T^j . We will show that ([7T|) and (17^ are equivalent with 
([7^ and (1751) respectively. Since l) is the Chern connection of {T^'^M,h), for 
any X e Tm and Y,V e T^f, 

Lx{h){Y, V) = Xh{Y, V) - h{LxY, V) ~ h{Y,LxV) 

= h{{bx - Lx){Y), V) - h{Y, {bx - Lx){V)). 



On the other hand, since X is holomorphic and Z)(°'^) — d, Lx — Dx on T^'^M 
and we obtain 

LxihW, V) = hUDx - Lx)Y, V), VF, V e T^". (76) 

Similarly, 

LxCh){Y,V) = h{Y,{Dx-Lx)V), ^Y.VeTlf. (77) 

Relations and with X = £ imply that ([HI) is equivalent with A 
similar argument which uses 

LxigW, Z) = g{{bx - Lx)Y, Z) + ~g{Y, {Dx - Lx)Z) (78) 

shows that (l72|) is equivalent with ((75)) . 

Assume now that there is Z e 7^/ (uniquely determined, since g is non- 
degenerate) such that both ([7T|) and (17^ are satisfied and define an endomor- 
phism g of T^^^M by ([731). Then (T^'^^Af, C, h, k,U, Q) is a weak CV-structure 
provided that relation is satisfied. We will show that ([M]) is satisfied if and 
only if Z is holomorphic. For this we make the following computation: for any 
X € Tm. 

bxib£-L£)-[Cx,~kC£~k] - [Dx,b£-L£] + [Dx,bs]^D[x,£]-[bx,L£_g] 

(79) 

where in the first equality we used 

[Cx, kCek] = = -[bx, bg] (80) 

(from the tt*-equation and [A", £] — 0) and in the second equality we used 
-Dg — Lg, because £ G 7m, and [Dx^Dg] = -D[x,£]: because the curvature of 
b is of type (1, 1). On the other hand, using ([7lT) and ([75]) and taking the Lie 
derivative of g{X, Y) = h{X, kY) with respect to £, we get 

L^^sCk) = kCz + Czk (81) 
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or, equivalently, 

L£-£{Y) - -~kL,_s{kY) + CzY + ~kCz~k{Y), VF e T^f. (82) 
From (HH, relation ([7^ becomes 

-Dx(-D£ - Ls) - [Cx,fcC'£fc] = + [kbxk,~kLs_ik] ~ [Dx,Cz + kCz~k] 

= D^x,£] + ~k[Dx.Le-£]k ~ Dx{Cz) - kbx{Cz)k 
= D[x,£] ~ ~kDjj^k - bx{Cz) - kDx{Cz)k 
= -bx{Cz)-kbx{Cz)k 

where we used DxiX) — kDx{kY) (because Dk — 0) and 

[D^,Ls]^[Lj,,L£]=L[x,£]=0, 

(because X,8 e Tm). We deduce that 

bx{Q) - [Cx.~kC£k] = -kb^{Cz)k. 

Therefore, ([M)) is satisfied if and only if bx{Cz) = 0, for any X E 7^/°, i-c. Z 
is holomorphic. Our claim follows. 

□ 

6.1.2 Weak CV-structures and duality 

Our aim in this Section is to prove the following result. 

Theorem 27. Let (T^^'^M, C, h, k) he a bChk- structure, £ an eventual identity 
on the underlying F-manifold (M, o,e) and lA := Cs- Assume that conditions 
h58\) and i6U\) are satisfied and let {T^'^M, C, h, k) be the dual DChk-structure, 
as in Theorem \21\ Then (T^''^M,C,h,k,U) extends to a weak CV-structure if 
and only if {T^''^AI,C,h,k,l{ := Ce) extends to a weak CV-structure. 

Proof. Assume that {T^''^M,C,h,k,U) extends to a weak CV-structure. In 
order to apply Proposition we need to determine an holomorphic vector field 
Z such that both ([7T|) and (j72p hold, with o replaced hy *, h replaced by h and 
g replaced by g. Define 

Z := -{b,e)o£+^L,{£) (83) 

and notice that it is holomorphic: from the tt*-equations and Z)^'^'^-' = d, we 
get: 

Bxibee) = bxb,e = R^^^e = [C^, ~kCx~k] =0, VX e T''"M, 

because e is holomorphic and Ce is the identity endomorphism. Therefore, DgC 
and hence also Z is holomorphic. We now prove that the relations 

Le{g){X,Y)^^2g{X*Z,Y), yX,YeT'^'>M (84) 

and 

Le-e{h){X,Y) ^ h{X,Y * Z) - h{X * Z,Y), \^X,YeT^'°M (85) 
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hold, where * is the dual multiplication 

X*Y = Cxy = XoY oE-'^^ yX,Y eT^-°M. (86) 

Taking the Lie derivative with respect to e of the relation 

giX,Y)^g{Xo£-\Y) 

and using ((78|) with X := e, together with Le(o) — and 

{De - Le){X) = {D,e) oX, yX e T^-°M (87) 

(relation ([57)) is an easy consequence of the tt*-equation 9^(7 = 0, for details 
see Theorem 4.5 of [7]), we get: 

Le{g){X, Y) = L^mX o £-\Y) + g{X o L,[£-^),Y) 

= 2~g{{b,e) o o X, F) + ,g(ie(f o X, F) 
= 2.g((^ee) o X, y) + 5(f o ie(£"') o X, Y) 
= -2g(X*Z,r), 

for any X^Y E T^f- Relation (|84l) follows. A similar computation shows that 
([55)1 holds as well. From Proposition [551 {T^'^M,C,h,k,U) extends to a weak 
CV-structure. □ 



6.2 The semi-simple case 

Recall that a holomorphic F-manifold (M, o) is called semi-simple if there are 
local coordinates {u^ , ■ ■ ■ , w™) on M such that the multiplication o is diagonal 
(see Remark [7] iii) . In the restricted case where the hermitian metric h and 
real structure k are also diagonal (and note that in general they need not be 
diagonal) the various conditions of Theorem!^ are automatically satisfied. More 
precisely, we can state. 

Example 28. Any eventual identity on a semi-simple F -manifold (M, o, h, k) 
with hermitian metric and real structure taking the form 

d d d ~ d d ~ d d 

(where \ki\ = 1 and Ha > for any i) automatically satisfies the conditions 
(Eg) and (Eg). 

Proof. We assume that the multiplication, hermitian metric and real structure 
are defined as above in canonical coordinates. 

Let £ be an eventual identity, given hy £ = Y^^i=ifi-^- Recall that fi 
depends on the variable only. We will check ([55)1 for fundamental vector 
fields X = Y = {i ^ j) and Z = Since the multiphcation is 

semi-simple, ()55)) is clearly satisfied if p ^ {hi}- If P = « say, then ([55)1 becomes 
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or, since ft depends only on Ui and i ^ j, 




On the other hand, since D is the Chern connection of h, 

Dx{-g-)^dxlogiH,,) — , VXeTi^OAf, Vz. 

In particular, D_a_^{-^) is a multiple of and (I55|l follows. We proved that 

relation ([55)1 holds. It remains to prove relation From the definitions of 

the real structure and multiplication in canonical coordinates, it can be checked 
that for any Y :— X]"=i afr, the composition kCyk is the multiplication by 
the vector X]r=i^*^J- particular, both sides of (jBHl) vanish. Our claim 
follows. 

□ 

It should be pointed out that the equations (1551) and ([BUI place highly restric- 
tive conditions on the various structures and may, in general, have no solution 
(as happens for some of the two-dimensional non-semi-simple examples in 17|). 
Just as almost-dual Frobenius manifolds satisfy almost all of the axioms of a 
Frobenius manifold, asking for the twisted structures to satisfy the full tt* ax- 
ioms may be too restrictive a condition. However, the above example does show 
that solutions in the semi-simple case - albeit in the subclass of diagonal real 
and hermitian structures - do exist. 
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